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Although the suction-analogy, intuitively derived by
Polhamus, may lack the aesthetics of theoretical rigor, its
accuracy in describing complex vortex-lift effects has been
systematically verified in Ref. 1 for both subsonic and su-
personic speeds. The straightforward extension of the
analogy to rectangular wings by Lamar and to complex
planforms as presented here lends further credence to the
utility of the concept as an aerodynamic analysis tool.
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A Modified Wall Wake Velocity Profile
for Turbulent Compressible Boundary
Layers
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Symbols

vy = 1)/2IM2/(Tw/Te)}1/?

a constant, see Eq. (8)

{1+ [y — 1)/2IM?) /(Tw/Te)} — 1

constant in Law of the Wall (usually equals 5.1)
= skin friction coefficient 7., /(1/2) peue?

= constant in mixing length (usually equals 0.4)
= Mach number

= Reynolds number based on §

= velocity in streamwise direction

= (ue/A) arcsin {{(242 u/u.) — B]/(B2 + 442)1/2}
= Friction velocity (7, /pw)?/2

= Coles’ universal wake function

= coordinate normal to wall

= ratio of specific heats

= boundary-layer thickness

=y/8

= kinematic viscosity

= coefficient of wake function

= density
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o = [(vy=1/2IME/{1 + {(v - 1)/2]M?}

r = shear stress

Subscripts

e = conditions at the edge of the boundary layer
w = conditions at the wall

A SIMPLE representation of the mean velocity distribu-
tion in a turbulent boundary layer is very useful in inte-
gral analyses of turbulent flow problems. After an exten-
sive survey of mean velocity profile measurements, Coles!
suggested that for incompressible turbulent boundary
layer flow the velocity profile may be represented by a lin-
ear combination of two universal functions in the form

u/u, = (1/K) Inyu./8) + C + IW(y/8)/K = f(y) + g(v)

(1)
Where
f) = (1/K) In(yu,/3) + C (2)
is the Law of the Wall and
gly) = iy /8)/K (3)
is the Law of the Wake.

Setting u/u. and W(y/8) = 2 at (y/8) = 1 in Eq. (1),
and subtracting the resulting equation from Eq. (1) leads
to an expression for the velocity of the form

u/u, =1+ (1/K)u,/u,) In(y/8) ~

M/ /)2 — W/8)]  (4)

Mathews et al.2 have developed a wall-wake representa-
tion of the. velocity profile in a form applicable for
isoenergetic compressible boundary layers. Their profile is
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Fig. 1 Velocity profiles upstream and downstream of a shock
wave-boundary layer interaction.
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expressed as

u/u, = (1/6'/?) sinfare sine!/?[1 + (1/K)(,/u*) In(y/5)
~(I/K)@,/u*)(1 + cos(my/6) ]}  (5)

where
(u./u*) = [(Cs/2)0/(1 —0)]'/?/ arc sinc'/?  (6)

and

/K = (1/2][1/Ge/u.*)] -
(1/K) In[Reg(C,/2)!2(1 - o) %] - C} (7)
and where (2 — W) has been replaced by 1 + cos (zy/8)
- for mathematical convenience.

Equation (5) has been found to provide a good represen-
tation of the boundary layer velocity profile for a range of
external Mach numbers and wall static pressure gradi-
ents. However, with both Eq. (4) and Eq. (5) the velocity
gradient at the boundary layer edge is found to have a
nonzero value. In the modified wall-wake which is to be
developed here this shortcoming is avoided.

The law of the wall may be derived from Prandtl’s mix-
ing length theory and the assumption that the shear stress
is constant across the boundary layer (cf. Schlichting3).
However, an expression for 7 of the form

T =1,[1-(9/8)") = 7,(1 =% (8)
where ¢ is a real constant should provide a more realistic
relationship for the shear stress.

Using Eq. (8) we may write

7,(1 =% = pKy*(du/dy)* (9)
Integration of Eq. (9) gives an expression for u/u,of the
form
“u/u, = (1/K) Inn +
2/ak){(1 — 912 ~1n[1 + (1 =92+ ¢, (10)

Replacing f(v) in Eq. (1) by Eq. (10) we have
u/u, = (1/K) Inn + (2/ag){(1 - n*)*/% -
(L + (=524 €y + g W) (11)

At the boundary layer edge (n — 1) we have
while near the wall (as  — 0+),
w/u, = (1/K) In(yu,/v) — (1/K) Inu,/v) +
Cy+ 0.614/ak  (13)

Near the wall the expression for the law of the wall as
given by Eq. (2) is also applicable. Equating the expres-
sions for u/u, we may evaluate Cy

Cy=5.1-(0.614/aK) + (1/K) In(u,/v) (14)
while from Eq. (12)

/K = (1/2)[(./u,) ~5.1 -
(1/K) In(du,/v) + 0.614/aK] (15)

Following procedures similar to those used by Van
Driest, Maise and McDonald® or Mathews,2 we may ob-
tain the profile for compressible flow

u _ (B 1 aAn) sinfarc sin( 24" - B )
u, 24 Te S T aan?
1w, 2(1 -9t 2 _oay1/2yy
f1+ % ue*(lnn + o - In(1 + (1 —n9""*)
U s (o B
K ur @ - wol} + 947 (16)
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where

/K = (1/2)[(w*/u.) — (1/K) In(du./v,) —
5.1 + 0.614/aK | (17)
and

u*/u, = (u,/u)(1/A) arc sin[(2A? - B)/(B? + 44%)'/?]
(18)

For isoenergetic flow, Egs. (16) and (18) become, re-
spectively,

w o1 oty L s 2(1 — 79! /2
e + — =T [ SN A A
v = ST sinfarc sing!/?[1 e ue*(lnn p

2

-2t + (=) -

u

:*(1 + cosm) ]} (19)

and
u,/u* = [(C;/2)0/(1 = )] /¥/arce sind’*  (20)

where 2 — W(n) has been replaced by 1 + cos =7 for
mathematical convenience.2:5 As ¢ — «, Eq. (11) reduces
to Eq. (1) while Eq. (19) reduces to the profile proposed
by Mathews et al., Eq. (5).

The remaining problem is the selection of the constant
a. Based on measurements reported by Klebanoffs and
Horstman and Owen,? it appears that a = 1 represents a
reasonable assumption. This amounts to the assumption
of a linear shear stress distribution across the boundary
layer.

The method of least squares has been used to fit the
wall-wake profile, Eq. (19), for botha = 1anda — ~ to a
number of experimental velocity profiles reported by See-
baugh,® Teeter® and Rose.l® An example of the results is
given in Fig. 1 which shows two profiles from the study by
Seebaugh of an interaction between a conical shock wave
and the turbulent boundary layer at the wall of an axially
symmetric M = 2.82 wind tunnel. The profiles are for sta-
tions just upstream and just downstream of the interac-
tion region and the experimental velocities have been cal-
culated from pitot pressures and the wall static pressures
under the assumption of isoenergetic flow. The 10° half-
angle cone used in the study did not produce a shock
wave of sufficient strength to cause boundary layer sepa-
ration. The values of C; and é determined by the curve
fits are listed on the figure along with values for the dis-
placement and momentum thicknesses §* and 6.

As is shown in the figure, both the modified wall-wake
profile (@ = 1) and the profile for ¢ — « provide good rep-
resentations of the experimental velocity distribution over
the ranges from y = 0 to the values determined for 6 by
the curve fits. The values of C;, 6* and § determined for
the two profiles differ only slightly. However, the values of
6 as determined with the modified profile show much bet-
ter agreement with the values of § based on U/Ue = 0.995.
Furthermore, the velocity gradient for the modified profile
goes to zero at y = §. In all of the data examirned to date
the modified profile has provided a more realistic repre-
sentation of the experimental velocity distribution than
the earlier version of the compressible wall wake profile.
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The Influence of Pitch and
Twist on Blade Vibrations
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Nomenclature

(EI), = principal edgewise flexural rigidity, 1b-ft2

(EI),, = principal flatwise flexural rigidity, 1b-ft2

R = span of blade, ft

T kinetic energy, ft-1b

U; potential energy in centrifugal force field, ft-1b

Us strain energy in bending, ft-1b

in-plane modal deflection function, ft

out-of-plane modal deflection function, ft

mass per unit length slug/ft

generalized mass, slug

generalized spring rate, lb/ft

= generalized coordinate

= spanwise position along blade, ft

= time, sec

deflection of blade in plane of rotation, ft

deflection of blade in edgewise principal direction, ft

= deflection of blade normal to plane of rotation, ft

= deflection of blade in flatwise principal direction, ft

= frequency perturbation parameter, rad/sec

= first mass moment of blade, slug-ft

= inclination of principal plane of bending, blade geometric
pitch angle, rad

= dummy variable of integration, ft

= frequency of vibration, rad/sec

= blade steady frequency of rotation, rad/sec
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T) = derivative of ( ) withrespect to time

-;—q = partial derivative of ( ) with respect to q
= differentiation with respect to span coordinate r
= differentiation with respect to time

I = square matrix

{} = column matrix

(=1
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Introduction

THE modes of bending vibration of rotor, prop-rotor,
and propeller blades would take place in the plane of
steady rotation and normal to it, if the blades were un-
twisted and operated at flat pitch. However the aerody-
namic inflow necessitates both twist and sometimes large
pitch angles, especially in the cases of the propeller and
prop-rotor blades. This results in strong elastic coupling of
these modes by the inclination of the blade principal
planes of bending along its span. Formidable numerical
complications in the vibration analysis usually result. On
the other hand, a suitable energy formulation of the prob-
lem is shown to provide a simple calculation procedure
employing a correction function for modifying the ideal-
ized uncoupled modes of an untwisted blade rotating at
flat pitch. This approach is especially well suited for pre-
liminary design in that it permits a rapid evaluation of
the effects of the aerodynamic requirements on the struc-
tural dynamic design and behavior of these blades.

Analysis

The Lagrangian method is employed and the analysis
begins with an accounting of the kinetic and potential
energies of the system. The latter is expressed in two
parts: first, the strain energy in bending with respect to
the two orthogonal but nonprincipal direction axes w and
v; second, the potential energy stored by virtue of the cen-
trifugal force field. The kinetic energy of the small oscilla-
tions with respect to the steadily rotating blade is given
by

Tk s s W

The potential energy of the centrifugal force field is
given by2.3.7

1 R
Up= §Q2f0 [ow? + v - mo?ldr (2)

o= mendn @)

r

The potential energy due to elastic bending about the
nonprincipal elastic directions is

[(ED5 cos®@ + (EI); sin®6]w'™
Ug = %fOR( + [(EDg sin® + (ED; cos®0v™ ) ar (@)
+[ED; - (EDz] sin26w'v"
Expressing the vibratory displacements as
wr, §) = q,OWQF) (5)

o(r, 1) = q, (V) (6)

and the equations of motion in terms of the generalized
coordinates# g, and ¢,, the Lagrangian form of the equa-
tions of motion is

d T, 20y 2Ug

AR P P @
9
dpT, oUp oUs g @

)+ +
dt 3y, ¥q,  9q,

Writing these equations explicitly in a matrix format

yields
My O T Fuo kuws| (G
+ ( =0 (9
0 m,, 9y kvw kvv qv




